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1 Introduction

This supplementary materials will demonstrate all the necessary derivations and analyses for the

related paper.

2 Lie Group for IMU State

Since SE»(3) [1] is used for IMU navigation state, we introduce the basic notations and properties

for it.

2.1 Definition of SE,(3)

The special Euclidean group for IMU state, including orientation R € SO(3), position p € R? and

velocity v € R3, can be written in homogeneous matrices as:

R p v
X=1|01x3 1 0 ESEQ(?))

2.2 exp and log

The exponential matrix map will map an element 6x € RY to SFEy(3):

50 exp(d0) J;(60)ép J;(60)dv
exp(d0x) =exp [ |dp| | £ | Oix3 1 0
(5V 01><3 0 1

The logarithm map is defined as the inversion of the exponential map as:

R p v (7]
log(X)=1log [ [01xs 1 O | 2|3 (6)p
01><3 0 1 J;l(O)v

where J;(6) denotes the left Jacobian of SO(3).

2.3 Adjoint Operation

If y € R?, we conveniently define the adjoint operator for X is defined as:

X exp(y)X ! = exp (Adx - y)
exp(y)X ! = X Lexp (Adx - y)
Xexp(y) = exp (Adx - y) X

R 03 O3
Adx = [[pJR R 03
LVJR 03 R

where |-| represents the skew matrix.
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2.4 Error states for SE,(3)

If X € SE5(3) represents the current estimates and dx = [607 6p' 6v']T € RY represents the small
perturbation, we can treat dx as right invariant errors or left invariant errors and define the H in

manifold accordingly.

e If §x is treated as right invariant errors:

X = X B dx £ exp(6x)X

with:
R p v [exp(00) J;(00)6p J;(60)5v] [ R p ¥
O1x3 1 0| = O1x3 1 0 O1x3 1 O
O1x3 0 1 | O1x3 0 1 O1x3 0 1
[exp(00)R exp(60)p + J;(00)0p  exp(30)v + J;(60)dv
= 01x3 1 0
O1x3 0 1

o If /x is treated as left invariant errors:

X = X Héx £ X exp(x)

with:
R p v R p V| [exp(60) J,(00)dp J;(60)dv
013 0 1 [01x3 0 1] [ Oixs 0 1
Rexp(60) RJI(60)5p +p RI;(60)dv + ¥
= 01x3 1 0
O1x3 0 1

3 IMU Model

3.1 IMU measurements

a,, =a-+ b, +n,

wpm =w + by +ny
3.2 IMU Dynamics

"R ={R|'w]
G. _G

Pr= Vs
“r=fR'a+

b, = nyy,

b, = Ny,

where g = (0,0, —9.8] .
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4 IMU Propagation

4.1 IMU State Vector

X1 = (Xn, Xp) (21)
YR Yp; vy

Xn = (?R, Gp[,GV]) = 01><3 1 0 (22)
01><3 0 1

xp = (bg, ba) (23)

In this section, we will investigate the right invariant error states for IMU propagation. Readers
can refer to the left invariant case in Section 7. With right invariant error for x,, we can define
IMU error states dxy as:

oxp=[6x) | ox)]" =[66] 6pT ovl | b] obl] (24)
Xy =xyHoéx; = (exp(&xn)fcn,f(b + 5Xb) (25)
[ exp(591)IGf{ ]
exp(éBI)Gf)[ + Jl(éé)[)ép
= |exp(607)Cv1 + T (6071)0v (26)
l?g + dby
i b, + b, |
4.2 Dynamic Model Integration
From the IMU dynamic model, we integrate the IMU readings from #; to tx+1 and get:
G G Kt A G
L. R=TrRexp (/t den') = . RARy (27)
k
G e G én [ [Phpl lag_ o
Pl = P, + v ot+7 R / rRTadrds + 3 got (28)
tr te
1
£ “py, + v bt + [ RAp; + S Cgot? (29)
G G cn [T gt G
Vi, = v, t R rRmadr + “gdt (30)
tg
2 Oy, + P RAv, + Ygot (31)
tkt1
bg,., = by, + /t Ny dT (32)
k
lkt+1
bg,., = bq, +/ Ny dT (33)
173
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where we have defined:

tet1
AR}, = exp </ IdeT>
ty

trt1 SI
Apk—/ / IfRITades
ti tr

tet1 Lol

tg

Hence, the IMU navigation state x, propagation can be reformulated as:

Xnpyy = De®(Xn, ) Y

where:

[ 13 %Gg5t2 got
1

'y = [O1xs3 0
01><3 0 1
[¢R “pr, +Cvp ot vy,
‘I’(Xnk)— 01><3 1 0
O1x3 0 1

Note that ¥ (-) has the following properties:
‘I’(Xnkxnk+l) = ‘I’(Xnk)‘II(XNk+1)
W (exp(0xy,)) =~ exp(Fdxn)
W (exp(0xy,)Xy) = ¥(exp(0x,)) ¥ (Xy)
~ exp(Foxn)¥(Xy)

where F is defined as:

I; 03 O3
F=|0; I; 6tly
035 03 I3

4.3 Mean Propagation

In this section, we show how to propagate IMU dynamics ignoring the noise s.t.

by
= b,

bg
b,

Then, the IMU propogation can be written as

A~

)A(”kJrl = f‘k\i’(xnk )Xk

RPNG-2021-DRI
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Hence, we just need to integrate Y with ARy, Apy and Avy,. When using ACI? [2] and assuming
constant 7*@ and ’*a during the period of integration, we can get:

ARy, = exp("*@ét) (49)
tk+1 SI “

Apy = / / »Rdrds - ra (50)
th te

K Iy ~ Iy 4
exp(*woT)drds -'*a (51)
t t

I
[
[N}
~
e
Q>
‘o
K

>
<>
ol
Il
\N
>
£
~~
R
=
ISH
3
=
Q>
=
w
~

~+
ko

exp(*@or)dr Tra

Il
—
x> ~

el

+

SN
—

Ut

~

~—

0}

I
{1
—
~
ko
>
—~
(@)
(S
~

ey I N Ioa _ I
where “*w = **w,, — by and ‘*a = ‘*a,, — b,.

4.4 State Transition and Covariance Propagation

The linearized state propagation matrix can be written as:

ngy
|:5Xnk+1:| ~ |:'1)nn (I)nb:| [5Xnk] + [Gnn 09><6] ng, (56)
0Xpy Osxo Is | [0xp, Osx6 L6t | |y
N
Dpi1k Gk Njwa

2 2 2
where 0t = tk+1 — tk; Nng, ~ N(O, %13), ngg ~ N(O, %13), Ngwa ™~ N(O, U:S‘Z“Ig) and Ngyg ~

2
N(0, %13). The biases x; can be discretized as:

by, ., = bg, + Naugdt (57)
ba,.; = ba, + Nguwadt (58)

For ®,,,, we can use the right invariant errors:

exp(0Xn, ) Xnyy, = I‘k\Il(exp(éxnk)fcnk)Tk (59)
=T, (exp (0%, ) ¥ (Xn,) T (60)
~ Ty exp (Fox,, ) ¥ (Xn,) T (61)
= exp (Adp, Fox,, ) Tp® (X,,) Tk (62)
Xnj 1
= exp (PpndXn, ) Xny (63)
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Then, we can have ®,, as:

13 03 03
., = |3%Jot> I3 I36t
LGgJ 5t 03 13

(64)

For computing ®,,;, and G,,,,, we need to first linearize ARy, Apy and Avy. We first integrate the

ARy, and get:

ARk = exp(lkwfst)
= exp(("*@ — by — ngy)dt)
~ exp("@dt) - exp(—J,(FFwd )(Bg + n44)01)

-~

ARy,

2 AR, - ARy,

For the integration of Apy, we get:

tk+1 S
Apy = / / exp(*wdr)drds - Tra
ti tr

trt1 s _
/ / exp(("*& — b, — ny)d7)drds - ("*a — b, — ng,)
t tr

wn =

tri1 ~
o~ / / exp(Te@dT) exp(—J, (" @é7)(by 4+ ny)dr)drds - (*a — b, — ng,)
¢ t

tpaa S - ~
~ / / exp("@67)(I — |3, ("&57)(By + ny)o7|)drds - (4 — By — nga)

tk tr

tk+1 S ~
+ / / exp("*@or)| v a] I, (Tkwér)drds(by + ngy)
t t

[

4

tg+1 S N
— / / exp(T*&67)drds(by 4+ ngg)
tr tr

"

= Apy + 54(1;)9 + ndg) — Eg(ba + nda)

Apy
= Apy, + Apg

RPNG-2021-DRI



where 87 = 7 — tg; A@), = *@dt; B;,i = 1...4 can be computed in Appendix B or ACI2 [2]. For

the integration of Avy, we get:

tot1
Avy = / exp(*wdr)dr - Tra

ti

tet1 B
/ exp(("*& — b, — n,)d7)dr - ("*a — b, — ng,)

tra1 ~
~ / exp(T@or) exp(—J,(@37)(By + 1y)57)dr - (4 — by — nga)
ty

tea1 ~
~ / exp(T@dr) (I = |3, (*@57)(By +1g)57 ) )dr - (4 — By — nga)

ty
tht1
- Iy, ~ Iy 4
~ exp(“*woT)dr - '*a
ti

tr

trt1 N
- / exp(*@o7)dr(by + ng,)

_
=1

= Av + Eg(bg + ndg) — E1(bs + n4,)

AV,

Note that, by using ACI?, we have defined:

ARy, = exp(—J,(*@dt) (b, + n,)dt)

Apyg

= E4(by + n4y) — Ea(by + ng,)

AV, = E3(by + ngy) — E1(b, + ngy)

Hence, we can further write Y. as:

Yy =YY,
AR, Ap, Av,] [AR, AR/ Ap, AR AV,
01x3 0 1 O1x3 0 1
I SNy,
=Yrexp [ |J71(6A6,)AR, Apy,
| I (0A0,) AR AV,
[ §A0,
:Tkexp AR;—Af)k
AR, Ay,
) [13 03 03 A,
=Yrexp | |03 AR%r 03 Ap:
_03 03 AR;— A{’k

RPNG-2021-DRI
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where ARy, £ exp(§A0;). Note that:

506, [=3.(A6,)5t
Apy | = =y
AV, =,

Then, we have:

l}g + ndg
ba + ngq

exp(0Xp, 1 ) Xnyyy = I‘k\Il(Xnk)fka

= exp(éxnkﬂ)

By plugging in the above derivations, we can have:

_ s v -1
—xnkHTkx

M1

[ 0AG
exp(0Xp, ) = exp Adg,, | AIA{;Af)k
AR} AV,
(I3 03 03 —~J,(AB)5t 03
- . i b, +n
= exp Ad,}nk+1 0s3 A]_:{;r 0A3 =4 —Zs [bg_'_ndg]
03 03 AR, =3 —Z, | e Tda
Hence, we have ®,;, = G,,;, and :
IGk 1RJ (AO )ot 03
@, = |~ P, ) Ik+1RJ (A6,)0t+CRE, —§RE,
—[“vi,Jf  RIA(AG)5t + T RE; —F RE,
Therefore, we have the full state transition matrix as:
P P,
@ — nn n
FHLE [OGXQ I6:|
. 03 03 P14 03
51Cglot? I I36t Py Pos
=| [“glét 03 I3 D34 B3
03 03 03 I3 O
[ 03 03 03 03 I3
[ I3 05 0 —IHIRJ (AB)5t 03
$1%glot? I3 Isot Lpfk+1Jzk+11?~J (At?)étJr RE, —ilA{EQ
= LGgJ(St 03 I3 LGAIk+1JIk_,_1 (Ae)&t—l—iRug —iREl
03 03 03 I3 03
03 03 03 03 13

RPNG-2021-DRI
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And the noise Jacobians:

Gnn 09><6
Gk = |:06><6 Iﬁ5t:|
[Gi1 03 03 O3
Go1 G2 03 03
=1G3 Gz 03 03
L 03 03 03 136t

I G RJ,(AG)dt 03

T Tt

—Pra J§, RI(AO)5t + FRE, —

5 RI-VINS

5.1 State Vector

If with features, the whole state vector becomes:

x = (x1,py)

Q=@
=

— _LGVIHIJiHRJT(ABk)(StJri 2 R
05 03
03 03

(98)

(99)

(100)

(101)

The feature state needs to be coupled with the SE»(3) of the current IMU state for the consistency

performances. Hence, we define x,,5 as:

We can define the B for x,,; using right invariant errors as:
6xnp = [060] op’ ovT épf]’
Xnf = Xpf B Xy p = exp(0Xnf)Xnf

RPNG-2021-DRI
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Then, the B operation for the IMU state with feature state is:

ox=1[66] sp’ ov' ob] eb] sp}]’
x =X B Ix = (exp(0Xp )Xnf, Xp + 0Xp)
exp(60)¢R T
exp(607)pr + J1(667)0p
eXp((SBI)G\A/[ + Jl((50])5V
b, + db,
b, + db,
Lexp(607)D s + J1(061)5py ]

5.2 State Transition and Covariance Propagation

With slight abuse of notation, we have:

Xnfrorr = Fk‘Il(ank )y

with:
i 13 %Gg5t2 gdt 03><1
o 100
T = Oixs5 O 1 0
_iR Gpjk + lekét Gy pr
O1x3 1 0 0
1013 0 0 1
AR, Apy Avk 03x1
o O1><3 1
Tk_ 01><3 0
[01x3 0

RPNG-2021-DRI
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Hence, we can write Y}, as:

i ="YX, (113)
AR; Apr AV, 03x1] [AR; AR[Apr AR[AV, 034;
O1x3 1 0 0 01x3 1 0 0
= 114
Oi1x3 O 1 0 0143 0 1 0 (114)
O0i1x3 0 0 1 01x3 0 0 1
i 0AB;
. J7Y(6A0,)AR] APy
=7 ! Lk 115
FEPL 37000, AR Ay, (115)
L 03><1
YA
. AR] Apy
~Y .k 116
FEP AR A, (116)
L 03><1
1 0 0
. 03 Al?iT 03 020,
~ Y} exp 3 ko S| Apk (117)
05 O3 03
Following similar procedures, we have:
exp(0Xn iy ) Xnfsy = Fk\If(exp(éxnfk)fcnfk)YkYk (118)
~ exp (AdrkF(Sank) I‘k‘IJ()A(nfk)'Arka (119)
= exp(0Xyf, ;) = exp (Adp, Fox,y, ) fcnfkﬂ'rkfc;}kﬂ (120)
Note that for the new state, the F is redefined as:
I; 03 03 O3
05 I3 5t13 03
= 121
F 03 03 I3 O3 (121)
03 03 03 I3
By plugging in the above derivations, we can have:
[ 0AG,
- AR/ Apy,
U S Ad. Ry 122
Xnfier L RXn g, = P dxnfk+1 ARgAf/k (122)
03x1
_13 03 03 ~
o " 05 AR; 05 —Jr(ﬁek)ét _0.—:). E)g +ngg (123)
- &P "Fht1 03 03 AR,;r ;4 _;2 b, + ngy,
105 O3 03 = =
Following similar steps, we can get the linearized state propagation matrix as:
Ildg
(5xnk+1 'I’nn q)nb 09><3 5Xnk Gnn 09><6 ny
5ka+1 = |0gx9 I Ogxs 5ka + | 0gxe Igot n, a (124)
OPf k41 O3x9 Py, I3 OPfk Gyrn O3x6 e
——— ——— | Ndwa
DPpi1k Gk

RPNG-2021-DRI 11



where ®,,,, ®,, and G, are the same as previous section, and we have ® ¢, = Gy, as:

@5 = [~19Bs)F, RI(26)5t 0y

Hence, the full state transition matrix can be written as:

i)nn q)nb 09><3
Dpi1r=|06x9 Is Ogxs
103x9 Ppp I3
[ I3 03 03 P34 03 O3
% LGgJ (5t2 I3 Ig(St ‘I>24 (1325 03
|9g|ot 03 Iy @34 P35 03
03 03 03 I3 03 O3
03 03 03 03 I3 O3
03 03 03 Py 03 I3

I3 03 03 —?;HIRJ (AG )(5 03
5%]6t Iy Lot —%py, JiHRJ (AGp)ot + G RE, —§ RE,
_ | [Cglot 05 T3 —[Cvy | RI(AG )t+¢RE; —§RE;
03 03 03 I3 03
03 03 03 03 I3
03 03 03 —19p;17, RI-(A0)t 03

while the noise Jacobians become:

Gnn 09><6
G, = | Og Igot
|Grn O3x6

[Gip 03 03 03
Ga1 G2 03 03
Gz G3z2 03 O3
Geg1 03 03 O3 |

—ﬁHRJ (AB)5t 03 0; 03
~19Ppr, )5, RI(A0)5t + FRE, —(RE; 03 05
_ | = I_GV[k+1Ji+1RJT<A9)(5t + ?R—.g —iREl 03 03
03 03 I3t 03

03 03 03 I30t

—9ps)f  \RI(AG)dt 03 03 03

5.3 State Propagation Computation Analysis

Assuming we have [ feature in the state vector, the state vector can be written as:

.
x = [XIT xﬂ
.
Xf = [Gp;() Gp}rl]

RPNG-2021-DRI

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)
(133)

12



In order simplify the computation analysis, we rewrite the system linearized equation as:

l’ldg
[5’%“] _ [‘I’H 015><3l:| [5X1ﬂ n [GI] Ny, (134)
OX [ kt1 P Igixsr| |0xyk Gyl | nawg
%/_/
Pri1,k Gk Ndwa

If we denote the covariance of the noise as Qg, then we can get the state covariance propagation
as:

P Plf] T T
P =¢ 03] + G G 135
k1 = Pry1k |:Pf] Py | Bren nkQaGop, (135)
_ [ &P ®]; D,/ P11 ®rp+ PPy
q)f]PHCI)}rI + Pf]@}rl q’f[PH@[f + ‘I)f[P]f + Pf[@[f + Pff

[GIQdG]T GIQdGT] (136)

G;QiG] GrQ4G])

We can see that the terms @ /P ®p, ®¢/Pry = (Pﬂi’If)T and GdeG}r all need O(1?) flops
for computation. Hence, we can see that the total computation for Py is O(I?).

5.4 Feature Update

The visual measurements can be written as:
]T

z:[z
z

SIS

(137)

.
] =FRER(“ps = “pr) + “p1 (138)

“pr=[z y =

Since the feature is coupled with the current IMU pose, hence, the error states can be written as:

pr ~ exp(501)Gf)f +0py (139)
“pr ~ exp(60;)Pp; + op (140)
YR = exp(66;)FR (141)

: A Qdz .
The Jacobians H = T5e as:

00z 1z 0 —=xz
He=——=— 142
© 26Cpy 22 [0 z —y} (142)
. 86Cp 86Cp 86Cp 85Cp 85Cp 86Cp
H=Hc { aae,f 85pf aavf a5bgf 85baf aapff]
=Ho 03 —-YRLR 03 03 05 YRLR] (143)
where H¢ represents the projection Jacobians. Following [3], the observabiltiy matrix for the
linearized system is:
Oo H,
O1 Hi®,
o= .|= . (144)
Oy, H,®;

RPNG-2021-DRI 13



Each block row Oy, can be computed as:

Op =Hy®p0=HRER My —I3 —I30t My M; I (145)
where:
M, = | [g)ot? (146)
M, = |“ps [§ RI, (A0)5t — § RE, (147)
M; = ¢ RE) (148)

we can directly find the null space as:

g 03

0351 I3
N = 149
Ogx1  Ogxs3 (149)

031 I3

The null space is invariant of the state estimates.

6 DRI-VINS

We want decouple the feature from state covariance propagation.

6.1 DRI-FEJ

The state is still defined as:
X = (X],pr) (150)
However, the overall error states are defined as:

x=xHx= (exp(chn)fcn, Xp + 0Xp, Gf)f + 5pf) (151)
[ exp(éOI)?R |

exp(007)9pr + J;(60;)p
exp(007)9V 1 + J1(601)6v

_ 152
b, + db, (152)
b, + db,
ps+0py
6.1.1 State Propagation
Following similar steps, we can get the full state transition matrix as:
ndg
5Xnk+1 P,, P, Ogx3 5Xnk Gnn Ogxe ng
0xp. | = |O6xo T Opx3| | 0xp, | + |O6x6 Isot n, “ (153)
OPfk+1 O3x9 O3x6 I3 OPfk 03x6 O3x6 e
— — [Ndwa
Pk Gk

RPNG-2021-DRI 14



while the new noise Jacobians become:

Gnn 09><6
G, = Og Igdt (154)
103x6  Osx6
[Gi1 03 03 03]
Ga1 G2 03 03
Gs1 Gs2 03 O3
_ 1
03 03 136t O3 ( 55)
05 03 03 I30t
| 03 03 03 03]
i —?qul(aef)ét ) 03 03 03]
— LGf)IkHJiHRJl(M[)(St +7RE, -FRE; 03 03
Gy G 7 Gp= Gp=
_ —L VIk+1JIk+1RJl(501)5t+IkR‘—‘3 _IkR—'l 03 03 (156)
03 03 136t 03
03 03 03 I30t
L 03 03 03 03 J
6.1.2 State Propagation Computation
Assuming we have [ features in the state vector, the state vector can be written as:
x=[x; x}]" (157)
G T GAT1T
xp=["Pro - “Ppl (158)
In order simplify the computation analysis, we rewrite the system linearized equation as:
Ildg
[5X1,€+1} _ [ " 37) 015><3l:| [5X1k] n [ Gy } Ngq (159)
0Xf kt1 031x15  I3ixar | [0%pk 031x12| | Ndwg
Prt1,k Gk Ndwa

If we denote the covariance of the noise as Qg, then we can get the state covariance propagation
as:

P, P
Pip1 = rpis [PZ P]{; ] @1+ G QG (160)

_ |:(I)HPII<I>}—[ ‘I)HPIf} n [GIQdGIT 015%31

161
Py ®]; Py 031x15  03x31 (161)

We can see that the terms P;;®rp = (‘I’quL)T all need O(l) flops for computation. Hence, we
can see that the total computation for P4, are O(l), which is much smaller than that of RI-VIN.

6.1.3 Visual Update

If updating with current pose, the error states can be written as:

“py =Dy +0py (162)
“pr =~ exp(60;)“Pr + Op (163)
R = exp(66;)FR (164)
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Then, we can get the Jacobians as:
H=HcRGR[|9Py] —Ts 03 03 03 Iy (165)

6.1.4 Observability Analysis

It is nice that we don’t have extra term in the Jacobians related to the current IMU state, how
ever the measurements are state related, which will not preserve the observability property.

Op = Hy®p0=HcYRER My —I; —I30t My M; I3 (166)
where we have:
. 1
M, = [“by) - 5[ “glot” (167)
M, = LGﬁfJ‘I>14 — Py (168)
M; = —®o5 (169)

Hence, we can get the null space for the decoupled DRI-VINS as:

Cg 03
031 I3
N = 170
Ogx1 O9x3 (170)
—%prl%e Iy

We can see that the unobservable subspace is affected by feature estimate “p - Due to linearization
point change, the DRI-VINS will become inconsistent.

6.1.5 DRI-FEJ Algorithm

In order to keep the observability property of the system, we can use the FEJ. When we do update,
we just use the first estimates of the features, “p t, for the Jacobians computation.

The decoupled RI-EKF can easily handle more features in the state vector without involving
them in the state covariance propagation. Due to the nice property of SEy(3) with right invariant
error, the state propagation will automatically keep the system unobservabilty property for IMU.
Hence, we only need to FEJ the feature state. In the meantime, the DRI-FEJ is pretty light-weight.

6.2 DRI-SW

Instead of associating features with current IMU state for Lie group representation, we can associate
feature state with an active clone pose if a sliding-window is maintained.

6.2.1 State Vector

Assuming the state vector contains the IMU navigation state x,, the bias state x;, one feature
point “p ¢ and a sliding window state x. (containing two poses for simplicity):

X = (xn,xb,xc, pr) (171)
Xe = (?;0 R? Gplco ’ IGdRa Gplcl) (172)
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Instead of decoupling the feature “p ¢ from Lie group as DRI-FEJ, we associate the feature with
the first clone pose {I,} for the Lie group representation. Hence, we can define:

G IGCOR GpIcO pr
cho,f:(xfcm pf): O1x3 1 0 (173)

01x3 0 1
Thus, the new error states éx € R30 can be defined as:

(174)
(175)

ox = [0x, 0%, &x. Opj

ox. = [ox)y | o6xL]" =[50}, op., | 6] op]

]T

with new B for DRI-SW as:
x = x B ox (176)

= <exp (0%y,) Xp, Xpp + 0Xp, €XP <[6§(p1;0]> " X1, 55 €XP(0X1,, ) - X1c1> (177)

exp((SHI)?R
exp(007)°p; + J;(60,)6p
exp(607)C¥ 1 4+ J,(601)6v
by + b,

b, + db,
= . 178
exp(é@lco)goR (178)
exp(007,,)“Pr.o + J1(601,,)0P1,,
exp(é@lcl)glR
exp(601,,)°pr,, + J1(661,,)0p1,,
| exp(001,,)“Py + J1(601,,)6p5 |

6.2.2 State Propagation

The state transition matrix with the new error states can be written as:

P,, P 0Ogxiz Ogx3
O6x9 Is  Ogx12  Ogx3

179
O12x9 O12x6  Ti2 01243 (179)
O3x9 O3xe O3x12 I3

Pk =

It can be seen that the feature is decoupled from the IMU state covariance propagation with
® ¢, = 036, which is desired.

6.2.3 Visual Update

If we get the feature measurements at cloned pose {I.;},i = {0,1}, the feature transformation can
be written as:

“ps=TRER(“pr — “pry) + b (180)
“ps=FRER(“py — “pr) + b1 (181)
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The error states can be defined as:

“pr =~ exp(661,,)“ Py + 0py (182)
“Pr.; = exp(861,,)“Pr,; + Ip1,, (183)
R =exp(66;,)7, R (184)

Hence, we can recompute the Jacobians with feature associated with {I.o} for Lie group represen-
tation as:

95%p; DPr _ cplag G
95%p; CHloh 95 py Ctalor B
= -YR SR =-YRSR 186
a(SpIco e 85p,~cl =G ( )
Cpr  cnren L e
00y __00%py (188)
956,. 000,

6.2.4 Pseudo-Anchor Change

The proposed pseudo-anchor change, which is different from anchor change in [1] which represents
the feature from global frame {G} to local sensor frame {I}, refers to changing the associated Lie
group poses for the feature while the feature is still represented in global frame {G}. In order to
keep the long-tracked SLAM features in the state vector even when the associated cloned pose is
marginalized from the sliding window, we can perform pseudo-anchor change, that is to “anchor”
the feature to another active cloned pose in the sliding window for Lie group representation.

Since the feature state estimate ©p ¢ remains the same, we only need to modify the covariance
of the feature after pseudo-anchor change. The feature is associated with pose I,y which is about
to be marginalized from the state, and we need to associate feature with pose I.; instead. If we
define dpy; as the error states for p ¢ when associated with cloned pose {I.;}, we have:

“ps = exp(601.,) By + J1(5601.4)0p 50 (189)
“ps = exp(601,,) "By + Ji(6601.,)0p 11 (190)

Then the feature’s new error state dpy; is written as:

ops1 = —|9pslo01, + |CPr|001, + 0p0 (191)

We then leverage EKF update to get the new state covariance after the pseudo-anchor change. We
also show that the proposed pseudo-anchor change algorithm won’t affect the system unobservable

property.

7 LI-VINS

7.1 State Vector
Same as RI-VINS (101), the state vector becomes:

x = (x1.%py) (192)
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The feature state needs to be coupled with the SE»(3) of the current IMU state for the consistency

performances. Hence, we define x,,5 as:

YR “pr Yy Yps
Gp G.. G. G a [O1xz 1 0 0

We can define the B for x,,; using left invariant errors as:
Xpyp = [50}— op’ ov' (Sp}r
Xpf = Xpg B Oxpp = Xy r exp(0x,,f)

]T

Then, the H operation for the IMU state with feature state is:
0x = [66’1T op’ ov’ 5b; sb, 5p;
x =X B 0x = (X, exp(0Xpy), Xp + 0%p)

R exp(367)

“pr + ?1331(591)51)
G+ $RI(60))6v
b, + db,

b, + db,

[“By + FRI(601)0py

]T

7.2 State Transition and Covariance Propagation
Abusing the notation, we have:

Xnfiyr = De® (Xng, ) Lk
with (same as (110) - (112)):

[ I3 39gt? got 03
o 1 0 0

T = O0ixs O 1 0
_01><3 O 0 1
_IG,;R Gp]k—l-GV[k(st GV]k pr
01«3 1 0 0
|01x3 0 0 1
[AR; Apr Avg 0341

Ty = O1x3 O 1 0
_01><3 0 0 ].

where ARy, Apg, and Avy, can be represented as (see (27), (29), and (31)):

AR, =¢R' R

1
Apy = iRT(Gp1k+1 —C%py, —Cvp ot — ingtQ)

AVk = iRT(GV[k+1 — GV]k — Ggét)
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(196)
(197)

(198)

(199)

(200)

(201)

(202)

(203)
(204)
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Following similar procedures, we have:

Xnfop €XP(0Xnp, ) = TeW (X, exp(&xnfk))'rk'rk
= T4 (R, ) W (exp (g, )) Y L
~ TP (x nfk)exp(F5xnfk)Tka
=T (x nfk)rk k exp(Fdxnfk)Tka
=T ¥ (x nfk)’rk exp(Ad.r 1F5xnfk)'fk

= Xnf,,, eXp(A4 T—lFéank)
= exp(éxnfkﬂ) = exp(Adflle 6xnfk)Tk
———
q’nfnf

By plugging in the above derivations, we can have:

q)nfnf = Ad’flle

AR, 03 03 03 | [Is
—ARy [Ap;] AR, 03 03 | |03
03 03 03 AR,;r 03
A"
. AR Aps
Y= oxp ARiFAok
03x1
_:[3 03 03 ~
05 ART 05 —J.(AB)ot 0O
= exp k X =y —-=
05 0; AR/ = =
103 03 03 = -

03 O3
I3 63
03 I3
03 O3

o1
2 ba + ng,

Hence, the full state transition matrix can be written as (recycling the notations):

<Dnn q)nb 09><3
Priir=|06x9 Is Opxs
039 O3x6 Py
[®1; 03 03 P34 03 O3
Dy Py Pyz Py Py 03
P31 03 P33 P33y P35 03
03 03 03 I3 03 O3
03 03 03 03 I3 O3
03 03 03 03 03 Pg

AR} 03 03 —J,(A)5t
—~AR/ |Apr] AR} AR] st ARk_4
~AR/|AV;] 03 AR] AR/E;

03 03 03 I3
03 03 03 03
03 03 03 03
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—AR/ By

I3
03

(215)

(216)

(217)

(218)

(219)
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while the noise Jacobians become:

Gnn 09><6
G =] 06 Igot (220)
|03x6  O3x6
[Gi1 03 03 03]
Go1 G2z 03 03
|Gz Gz 03 03
“lo; 0y Is6t Oy (221)
03 03 03 I36t
| 035 03 03 O3 ]
—J,.(A6)st 03 05 05 |
ARJE; -AR/E; 03 0
_ | AR/E3 -AR/E; 03 03 (229)
03 03 I3t 03
03 03 03 I36¢t
i 03 03 03 03 |
7.3 Feature Update
The visual measurements can be written as:
T
z=[% Y] (223)
T
“pr=1[z vy 2] =FRER(°ps—pr)+ ps (224)

Since the feature is coupled with the current IMU pose, hence, the error states can be written as:

“py ~ “ps + YRIP; (225)
“pr ~“pr+ YRP (226)
YR = YRexp(66;) (227)

: A Qdz .
The Jacobians H = e as:

Ho= gon =l ¢ oy 229
omo [N S e M o ]
=HSR[|$RT(“p; —%pr)] —I3 03 03 03 I3 (229)
where H¢ represents the projection Jacobians. Following [3], the observabiltiy matrix for the
linearized system is:
Op H,
0- (?1 _ H1§{>1,0 (230)
O.k: Hk‘.I)k,O
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Each block row Oy, can be computed as:

— Gy, 6t — %GgétZ)J

“got?)))

Ok = Hy Py
=HcfR[M; —AR] —-AR/§t M, Mz AR]]
—Ho{R (M, —GRTGR —¢RTGR M, My (RTGR
where
M, = LiRT(G —“pr,) | @11 — B
= [FRT(“py — “Pr,) JAR] + AR} | Apy]
= LiRT(pr - prk)JiR R+ RT RL%RT(GPQ - pro
N o 1
= iRT(Lpr - Gp[kJ%R + %RL%RT<GPQ - pro - Gvfoét - 5
= iRT(LGf)f - pr, V1,0t — ng(StQj R
M; = gRT(GIA)f —“p1,)] Pra — P2y
= —|$RT(°p; — “p,))3.(A0)5t — FRTGRE,
Ms = —Py5
=R'{RE,
we can directly find the null space as:
AIGORGg 03 1
IOR'. f’IoJGg IS
N=|-¢R|%V, % 03
O6x1 O6x3
*g)RLGIA)fJGg Is |

8 DLI-VINS

8.1 DLI-FEJ
The state is still defined as:

x = (x71,“py)

However, the overall error states are defined as:

x=xHdx = (f(n exp(0xy,), Xp + 0Xp, Gf)f + (5pf)

Gf{exp(dé’])
p[ + I RJ1(59])5
G+ SRI(501)0v

b, + by
b, + 6b,
“ps+0ps
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(243)

(244)

(245)
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8.1.1 State Propagation

Following similar steps, we can get the full state transition matrix as:

n
6xnk+1 (I)Tm (I)nb 09><3 5Xnk Gnn 09><6 Iljg
(5ka+1 = 06><9 IG 06><3 5ka + 06><6 165t ny @ (247)
OPfk+1 03x9 O3x6 I3 oPfk 03x6 O3x6 o
-~ —— ——— [Ndwa
Pri1,k Gnk
Note ®,,, and ®,,, are same as (217).
8.1.2 Visual Update
If updating with current pose, the error states can be written as:
“ps =Py +dpy (248)
“pr ~“p; + FRip (249)
YR = YRexp(66;) (250)
Then, we can get the Jacobians as:
H=HR[[FRT(p;—%pr))] —I3 03 03 03 GRT] (251)

8.1.3 Observability Analysis

It is nice that we don’t have extra term in the Jacobians related to the current IMU state, how
ever the measurements are state related, which will not preserve the observability property.

Op=H;®ro=Hc{R (M, —-fRTYR —CRTGRGt My Mz §RT (252)

where we have:

M = [FRT(“ps - “p1,) @11 — (253)
= [FR"(“ps — “Pr) ] AR + AR | Apy] (254)
~ R 1 N
=GR (19Ps = “piy — “viot — SO0t R (255)
M, = [ZR"(“ps — )| ®1a — oy (256)
= —ZRT(“p; — “Pr,) ]I (A0)5t — CRTG RE, (257)
Mj = —Py5 (258)
=R RE, (259)
Hence, we can get the null space for the decoupled DRI-VINS as:

fgoficg 03

—é)IA{LGIA)]OJGg I3
N=|-4R[%p)% 0 (260)

O6x1 O6x3

—%ps)°g I
We can see that the unobservable subspace is affected by IMU state and feature estimate &p f- Due
to linearization point change, the DRI-VINS will become inconsistent.
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8.1.4 DLI-FEJ Algorithm

In order to keep the observability property of the system, we can use the FEJ. When we do update,
we just use the first estimate of the states for the Jacobians computation.

8.2 DLI-SW

Instead of associating features with current IMU state for Lie group representation, we can associate
feature state with an active clones pose if a sliding-window is maintained.

8.2.1 State Vector

Assuming the state vector contains the IMU navigation state x,, the bias state x;, one feature
point “p ¢ and a sliding window state x. (containing two poses for simplicity):

X = (Xn7xb7 XC7pr) (261)
XC = (IGPO R7 GPICO? gqu Gplcl) (262)

Instead of decouple the feature “p ¢ from Lie group as DRI-FEJ, we associate the feature with the
first clone pose {I.} for the Lie group representation. Hence, we can define:

XIcO,f = (X1c07pr) = 01X3 1 0 (263)

Thus, the new error states éx € R3% can be defined as:

5x:[5x;lr ox;  ox/) 5p]T

-
5Xc:[6xCTO | (5ch1] :[6020 5p£0 | 50}21 (5p}z1

)" (264)

" (265)

with new B for DLI-SW as:
x = x Hix (266)

= (fcn exp (0xn) , Xp + 6Xp, X1, ; - XD ([6(;(;;0]) J X, exp(éxIcl)> (267)

7R exp(36r)

“pr+ ?1331(591)51)
G+ GRI(660))0v

l?g +dby

b, + db,
= A 268
EORGAXI)((SGICO) (268)
“Pro + 7, RI361,,)0P1,

IGclReAxp(éejd)
Gplcl + ?;1 ]':}'Jl((salcl)éplcl

RPNG-2021-DRI 24



8.2.2 State Propagation
The state transition matrix with the new error states can be written as:

P,  Puy Ogx12  Ogxs
069 Is  O6xi2 O6x3

269
O12x9 O12x6 ITi2 0123 (269)
O3x9 O3xe O3x12 I3

DPpi1p =

It can be seen that the feature is decoupled from the IMU state covariance propagation with
® ¢, = 036, which is desired.

8.2.3 Visual Update

If we get the feature measurements at cloned pose {I.;},7 = {0,1}, the feature transformation can
be written as:

“p; = {RER(“ps — “pro) + pr (270)
“pr = FRER(ps — “pry) + pr (271)
The error states can be defined as:
“ps ~ “ps + ¢, Rops (272)
“pr. ~ “pr. + {,RopL, (273)
¢ R=¢ Rexp(36y,,) (274)

Hence, we can recompute the Jacobians with feature associated with {I} for Lie group represen-
tation as:

6% PR
550, = TRLER(D; — b1 (275)
DDy cnLialonT
— (RERIR 2
85pf G G ( 76)
= — 2
D61 iR (277)

8.2.4 Pseudo-Anchor Change

The proposed pseudo-anchor change, which is different from anchor change in [!] which represents
the feature from global frame {G} to local sensor frame {I}, refers to changing the associated Lie
group poses for the feature while the feature is still represented in global frame {G}. In order to
keep the long-tracked SLAM features in the state vector even when the associated cloned pose is
marginalized from the sliding window, we can perform pseudo-anchor change, that is to “anchor”
the feature to another active cloned pose in the sliding window for Lie group representation.

Since the feature state estimate “p ¢ remains the same, we only need to modify the covariance
of the feature after pseudo-anchor change. The feature is associated with pose 1.9 which is about
to be marginalized from the state, and we need to associate feature with pose I.; instead. If we
define dpy; as the error states for Gp # when associated with cloned pose {I.;}, we have:

“pr=“pr+ 7 Ripyo (278)
G G G R
Pr>~"Pr+ ]ClRCSPfl (279)
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Then the feature’s new error state dpy; is written as:
opp =7 R Ropyo (280)

We then leverage EKF update to get the new state covariance after the pseudo-anchor change.
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Appendix A: Discrete IMU Propagation

In this section, we show how to propagate IMU dynamics ignoring the noise s.t.

b, = b,
b, = b,
Then, the IMU propogation can be written as
Xy, = DiP(xn, ) T

Hence, we just need to decide Y, with Af{k, Api and Avy.
When using discrete model, we can get:

ARk = exp (G)k(;t)
Apy = %ak(sﬁ
A\A’k = ékét
The state transition matrix can written as:
-[os vl
5ka+1 06><9 IG (5ka

For ®,,,, we can use the right invariant errors:

exp(dxnkﬂ)fcnk+1 = I‘k\Il(exp((ank)fink)Yk
=T, W (exp (0xp,)) ¥ (Xn,

=Ty exp (Fox,, ) ¥

) Y

(Ank) Tk‘
= exp (AdFkF(SXnk) Fk‘I’ ()A(nk) Tk
| A

Xng41

Then, we can have ®,,,, as:

I3 03 O3
., = |5%Jot> I3 I36t
LGgJ 5t 03 13

For computing ®,,;,, we can have:

AR = ARLARy,
Apy = Apy + Apg
Avk = A\A’k + A\?k

0
1

SAG,

Y, =YY
ARy Ap, Avi] [AR, AR[Ap, AR, Av,
=] 0 1 0 0 1
0 0 1 0 0
SA0),
=Y, exp fl(éAGk)AfigAf)k ~ Y} exp

J
J (600, AR AV,
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AR, Apy,
AR, Av,

(281)
(282)

(283)

(284)

(285)
(286)

(292)

(293)
(204)
(295)

(296)

(297)

(298)

27



where ARy, = exp(0A6;). Then, we have:

exp(0Xpy 1 ) Xnypy = qul(xnk)'fk'fk

= eXp((ankﬂ) = )A(nlﬁ—l ‘i‘k&;klﬂ
0Ab
= exp | Adg,, | |AR]Apy
AR Avy,

We have two versions for computing the Af{k, Api and Avy;
For discrete model, we have:

ARy, = —exp (3,(A0) (b, +ny) ot
1 -~

Apy = —5(ba + n,)ot?

Avy = —(Ba + na)ét

Hence, we have:

i+1R 0 0 I 0 0 _Jr(Aék)5t
&= |9Per)f, R § R 0 0 AR/ 0 0
), R0 ¢ RIL0 0 ARy 0
— . RI,(AG)ot 0
= | =%, )%, RI(AB)5t —3F RAR] 6
—[Cvi |9 RI(AB)Gt = RAR,

Therefore, we have the full state translation matrix as

. 03 03 —¢ RI(AB)dt 0

®=| 9%t 03 T3 —|Cv,,J¢ RI(AG)st - RAR]G
03 03 03 I3 03
L 03 03 03 03 I3 i
And the noise Jacobians:

[ iHRJ (Aék)étA 0 03 03]

-¢ pmlhk“ R, (A0y)dt ~3¢ RAR[G? 03 03

G, = |-|Cv Vi %, RI(AB)dt —?HIRART& 03 0

03 03 I36t 03
L 03 03 03 I30t]

Appendix B: ACI Basics

The first integration we need is:

=, - Lot + 1- co?(wiéti) | + (&i B sm(c:)iéti)) Mk

Wi
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1% |%got> Iy Is6t —|%py,,, J[GRHIA{J,«(AQ;C)& —i¢ QARQW

0

1542
—Lst

—ot

(299)
(300)

(301)

(302)

(303)
(304)

(305)

(306)

(307)

(308)

(309)
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The second integration we need is:

1 w;0t; — sin(w;0t;) | » 1 1 — cos(w;0t; .
S A (P RE

% 7
The third integration can be written as:

1 R sin(@;0t;) — W;0t; . . »
By = 551512 la;| + ( 2 la; ] | k]

sin (f)i&fi — c:)¢5ti COS (i)l'&fi ~ N
+ ( ) 2 ( ) [ki[a]

(2

1 1 — cos(w;0t; T
+ (508 - T Lol
WA

(2

1 1 — cos(w;0t;) — w;0t; sin(w;dt; . R
+<25t§+ (& )d)? 10t sin(@; )> [ki]?| &)
K3
1 1 — cos(@it;) — it sin(@0t:)\ + 1. ¢
+ (2&? + cos(widti) @2% i sin(w; z)> k| a;|k;|
(3
_ 3 sin(c&iéti) - 2(2)45?; - of)ﬂSti COS(@i(Sti) lA{;ré.Z LIA{ZJQ
[k

)

The fourth integration we need is:

2(1 — cos(@;6t;)) — (W25t2) 14| |k

1 -
=4 = 75t? la; | +

6 203
2(1 — cos d;iéti — @i(stl' Sin(@iéti) ~ “
+( ( ( ))Ag )LkiJLaZ-J
wj
sin d)létl) — (;)l(stz (St? " ~
+ ( : 3 +6> 4] [ki)?
Wi
(;)1'5751‘ — QSin(@iéti) + 1(@575@-)3 + @iéti COS(LDi(sti) ~ .
+ o [ki]?| &)
Wi
n w;ot; — 2 Sin(@iéti) + %(A(Z;(stl)ij’ + @;0t; COS(@i(Sti) lA{;ré_z UA{ZJ
w;
4 4 COS((;)Z‘(StZ') — 4+ (d)fgtl)Q + d}iéti Sin(d}i(sti) IA{;rél I_lA{zJ2

(310)

(311)

(312)

When @; is too small, in order to avoid numerical instability, we can compute the above inte-
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gration identities as:

Ahm() El = 5ti13 + (5ti sm(d)zétl) Lf(zJ + 5ti (1 - COS((;JZ'(;tZ')) UA{lJz
Wi —>

2 2 2
lim = 251, 1 O gin(@ot) k) + 2L (1 — cos(@iots)) (ki
&;—0 2 2 2
oty ..
= — lim &,
2 i:)i—>0
— 52 ot sin(w;0t; . P oA
fim =, = 1|4 OO () Ll + e L8] + K e )?)
w;—0 2 2
5t12 - L2 L1214 LT 1L
+ 25 (1= cos(@iot) (1] i) + [k &) + K] il ki))
5t §t3 sin(@;0t; i . T,
tim =, = 0 a4 OO g e 8+ K 8 e 2)
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