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1 MAYV Dynamics and Its Integration

The frame of references for the MAV system is illustrated in Fig. 1. The MAV states xj; and
system parameters xy are defined as:

o= M7 o], MT V) 0
xo =[x, x} Xl (2)

where:
Xp = [Ct cm]T (3)
xg=[m MjT MpL]' (4)

_ T
xur = [a" Py
where ¥ ¢ q is the unit quaternion representlng the rotation ¢ MR from the global frame {G} to the
MAYV center of mass frame {M} [1], Mw is the angular velocity of in {M}, and “pys and “vy; are
the MAV position and velocity in {G}, respectively. The aerodynamic parameters, xp, consist of
the rotor thrust coefficient ¢; and moment coeflicient ¢,,,. The geometrical parameters, xg, include
the mass of the platform m, moment of inertial ¥J, which is a diagonal matrix defined in frame
{M} with ™j being its diagonal terms. Mpp represents the translation between the geometric
body frame {B} and {M}.
A {A/L} A

g — S —

{BJ e
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Figure 1: Frame of references of a typical MAV system: i-th rotor
frame {A;}, geometric body frame {B}, IMU frame {I}, camera frame
{C}, MAV center of mass frame {M}, and global frame {G}.

1.1 MAV Force and Moment
The total force ¥ F and moment ¥ M of a MAV with N, rotors are defined as [2]:

Ny
Mp =3 NRYF; (6)
=1

Nr
MM =" (FRAM + [Mpy, |MF) (7)
=1

where Mp A = ]g R%p A; +Mp g denotes the translation between rotor {4;} and center of mass frame
{M?}, which is typically known from the CAD model. Assuming the rotor encoder measurements
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Tm,; from the i-th rotor is defined as 7, ; = r; + n,; with n,; represents the white Gaussian noise,
the individual force 4/F; and moment 4:M; from rotor {A4;} are approximated as [3]:

AR = c(rmi — nri)les + ng; (8)
AiMi = Cm(rm,i - nr,i)Q)\iez + Ny g (9)

where \; € {—1,1} corresponds to the rotation direction of the i-th rotor and e, = [0,0,1]T is a
unit vector along local z direction. As discussed in detail in the paper Sec. IV.A [1], rotor speed
can only measure along the local z-axis, thus, the additional noises, ny; and n,;, are introduced
to compensate for the inadequacy of the MAV measurements.

1.2 MAYV Dynamic Model

The MAV dynamics are defined with the force and moment models as:

1 _
di=59(Mw)da (10)
“par = v (11)
Mg, =Mjy=1 (MM LMwJMJMw) (12)
1
“y = —GRMF - Cg (13)
— LWJ w . . . G T

where Q(w) = R and [-] is the skew-symmetric matrix; “g = [0 0 9.81] ' denotes the

gravity. Note that through the report we define the error quaternion as:
da=0q0¢q (14)

which is equivalent as [1]:

MR =exp(—00)- YR =MYR~1-100))-YR (15)
R =GR exp(00) =FR~FR- I+ [00]) (16)

The MAV dynamics can be summarized as:

xy = far (%01, %9, 11) (17)
where ny = [np1 -1y N, HL - n;Nr n;l . -~n;’NT]T contains all noises [see Eq. (8) and (9)]
with covariance Qps. We can integrate this model from time ¢, to t;41 based on first-order approx-

imation:

PR =AR'ER (18)
= exp (~F001) ER (19)

“pre1 = pr+ Ap (20)
= Cpp + CvipAt + % (;RGR’“F - Gg> At? (21)

Ml = AR (Fw + Aw) (22)
— exp (—kakH) [kw Ryl (kM — Fw| kJ’“w) At} (23)

GVk+1 =Cvi + Av (24)
= Oy + [; (FR*F) - Gg] At (25)
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where:
k k Lpr1(k k 1k Tk 2
011 = "wWAt + 3 J ( M — |"w]®J w) At (26)

Note that we use k and k + 1 instead of My and My to simplify the notation and At = t5 1 — tx
express the time offset between two timestamps. With the above preintegration, we can have the
following integrated discrete-time MAV dynamic model and its linearization:

XMy = &M (X0, X0, 0) (27)
XMy = PuXn, + PoXo + Grny (28)

where ®), is the linearized state transition matrix. ®y and G,, represent the Jacobians for x4 and
n,s, respectively. In the next section, we will introduce in detail the derivations of the Jacobians.

1.3 Linearization for MAV Dynamic Model

To simplify the following derivations, we first define:

A=Fky1 (’“M — Fw] ’“J’“w) (29)
F = %’f}? (30)

The derivatives of F and A respect to the involved states following chain rule as:

A 0A 0A 0A
ng_[% B axm} (31)
= [HA HA 0 (32)

F oF oF oF
HY, = (85 o o) (33)
= [H, HY, 0] (34)

RPNG-2022-MAV 3



where:

[0A  0A
L Oct Ocm

[6A  6A OA ]

|9m  9Mj  9Mpg

[ HA k-1 <N | M
Opr 25 —F371 LN [VE|
[0F  OF

_8ct acm

(1 N M1,2
RZi:lAiRrieZ OSM}

[6F  OF OF }

(& 1— N, — N,
ky 1Ei:r1LMpAiJ%Rr§ez kJy 1Ei;1%RAir§ez

oA
I

oA
0jo

o4
dj3

Since A consists of *w, we also have:

0A
A _
H, = Okw

_ky-1 (_LkakJ+ UchwJ)

Finally, we can derive the related noise Jacobians:

H), = [HA HY Hp |

= [-2~FJ~! (%Rcm)\icmez + LMpAiJ%Rctriez)
HE — [HE HE 03}

= [—%%Rctmez %13 03]

Start with the orientation integration Eq. (18), we have:

FrR I+ [86441]) = PR (T4 [06;]) exp (*Ox11)
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I+ [60k41] = IIZHR (I+106]) exp (*0x41) exp <Jr(kék+1)kék+1>

=1+ 'R + [T ("0k11) 011 ]
= 0041 = RO + T (F0411) Op 1

_8711 oMJ 8MpB

[—-%*F 05 0]

[0A  0A  0A

| 071 Oj2 5]'3}

'—% 0 0] 10
0 0 0 (kM—Lkakaw)—kJ_lLka 00
0 0 0 0 0

(0 0 0] 0 0

1 _

0 —% 0 ("M [fw)'Trw) — K37 Fw) [0 1
0 0 0 0 0

(0 0 0] 0 0
00 0 <kM—Lkakaw)—kJ_lLka 00
00 —j% 0 0

L 3] L

k:J—l LMpAiJ kJ—l%R]

(45)

(46)



where from Eq. (26):

Therefore,

. ) 1 A 1
60111 ~ TR0, + T, (F0)11) <2H;§At2 + IAt) o +J,(%0111) <2H;39 At2> X

1
K01 = FwAt + §AAt2

~ 1 1
= "Gy ~ <2Hf;At2 + 1At> o+ SHG AR

The Jacobians w.r.t states can thus be derived as:

HO _ [90k01 0001 900iis 956y
060, 09 Py, RLI%) G vy,

[H) 0; HY 0]
R 05 J,.(F0p41) (AHAAL + T;At) 03]

0661 06041 06041
6xD afcg 8)~CM]

[ HZG 03><6]
1
Jr( 9k+1) <2H;:9At2>

1 A
- QAR (Y, B, 0

nyr nyr

1 .
HS = §Jr(’“0k+1)At2HA

From angular velocity integration Eq. (22) we can get:

k+1

= k+1
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k

w = FrlG L MG

= exp <—k9k+1) (kw + AAt)
<13 13, (’fé,m) Ry J) IR (kw n AAt)

12

5 A . 1
@ = [’,g“R +MIRHAAAL + [T, (F011) <2Hf;At2 + I3At>] ke

. . 1 A ~
+ [L’““w 13, (%0541) <2H;§9At2> +§+1RHQ8A15] %g

(59)



Jacobians are derived as:

HY — oFtly  oktlg  gktly 9k tlg
Xk 000y 8Gf)k L") 8G\7k

=[05 05 HY 03]

5 1
HY = MR 4 MIRHAAL + |F10)T,(56).11) <2H3At2+13m>

OXM1

|:8k+1 8k+1 6k+1&]
dXD
[ HY . 03]

~ A k+1H1TA
=3 Lk+1w 13, (5041 HE At? + FIRHL At

1 . ~ A~
_ <2Lk+1wJJr(k9k+1)At2 + Z“RAt) [H2  H2. 03]

1 R
HY = §Lk+ld)JJr(k0k+1)HA A2+ FIRHA At

nyr npyr njyr

From the linear velocity integration Eq. (24):

G G+ G=
Vi+1 = Vi+1 + Vi

= G\Afk —+ Vk —+ k R(Ig + L&ij) <]§‘ + HF )~(9> At — GgAt
= G{/kJrl = —ERLFJ Aty + Vk + i RH Ath

Therefore, Jacobians w.r.t states are as follows:

HV — 8G{’k+1 8G{’k+1 8G{'k+1 8G{/k+1
D60y, 9% by L% GIeEn

Hy 03 03 Ig]
~CR|F|At 03 03 I

Gvk 9%V, 9%V,
oXp oxa OXMmT

[HXD HXG 03X6]

= URHE At

= URAt [HE HE 03]
HY = {RHE At

nyy

From position integration Eq. (20) we can get:

G G Gx=
Pk+1 = "Pk+1 + Pk+1

=pr. + Gf)k + (¥ + Vk) At + - [GR(I3 + 66 ]) <F + F) - Gg} At?

= ppi1 = pk—f CRI|F jAt260k+ CRHE At?%g + “¥j,At
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Therefore, we get the Jacobians as:

_ |9°Pr 0%Pr O°Pr 0%D
HY, = |56, o5 o6 ang] (95)
= [Hg Is 03 IgAt] (96)
= [-1¢R|F|A? I3 03 I3At (97)
_ | 9% %P %P
HY, = GRS SoB] (%8)
= [HY, HE. 03¢ (99)
1~
= SO RH, AL (100)
1~
= §k0RAt2 [HY, HY, O3 (101)
1~
Hp, = SVRHy,, A7 (102)

With the above integration, we can have the following integrated discrete-time MAV dynamic model
and its linearization:

XMy = gM(XMkaXGa HM) (103)

S(Mk-u = (DM(k +1, k)iMk + Poxy + Gpnyy (104)
30i0)  [HE 03 ML 05 [06) [H, H,

Pi+1| H‘9 I3 03 I3At Pk Hx, | - Hy,,

g | T Loy 05 HY 0y kS + HY Xg + HY nys (105)
A Hy 03 03 I3 YV HY, H.,

2 MSCKF-based Parameter Identification

We first extend the standard MSCKF-based VIO estimator [5] to additionally estimate MAV system
parameters, which later will be shown to be not robust due to the MAV modelling inaccuracy that
is almost inevitable in practice. Specifically, we estimate:

X =[x} x:ﬂT (106)
XA:[XITk X}r xg]—r (107)
where:
xi, = [¢a" Op] V] by, bjkr (108)
xr=[pfy - “ph]’ (109)
xC:[x}H x}k%r (110)
xTZ:[qu Gpl liwT GVHT (111)

We define the “active” state x4 and parameter state xp [see Eq. (2)]. The active state contains
the current IMU state x, and c historical clone states x¢. Each historical clone contains the IMU
pose, linear and angular velocities {{w, v} [6]. b, and b, are the gyroscope and accelerometer
biases, respectively. Note that we follow similar steps in [6] to clone {{w,%v;} and propagate the
state.
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2.1 IMU Kinematic Model

The IMU kinematics are used to evolve the state from time ¢ to 54 [1]:

. 1 _

G(t) = 5 Qw()ca(t) (112)

“pi(t) = “vi(t) (113)

“i(t) = "R a(t) - g (114)

by (£) = g 1) (115)

ba(t) = nyq(t) (116)

where w(t) = [w; wy ws]' and a(t) are the angular velocity and acceleration in the IMU local
frame {I}; Q(w(t)) = :(L:JTJ L(ﬂ where |-| is the skew-symmetric matrix. n,q and n,,, are white

Gaussian noise that drive the IMU biases. A canonical three-axis IMU provides linear acceleration
and angular velocity measurements, a,, and {w,,, expressed in the local IMU frame {I'} modeled
as:

an,(t)
win(t)

a(t) + ba(t) + na(t) (117)
w(t) + by(t) +ny(t) (118)

where n, and n, are zero-mean white Gaussian noise. éR denotes the rotation matrix from global
frame to local IMU frame. The IMU nonlinear kinematics can be formulated as follows:

X1y, = 81 (%1, ag, Twi,ny) (119)
where n; = [ngT n, nlg n),]". After linearization, the state translation matrix can be derived
as [7]:

®,; 03 03 P4 O3
Py I3 I3AL Py Pojs
Q/(k+1,k)=|®31 03 I3 P34 P35 (120)
03 03 03 I3 03
03 03 03 03 I3
with:
B, = fZHRT B 4=-J, (Iké,w) At By = —FRT[Zoay) $y=DRTE, (121)
Brs=-dR'Zy &3 =-2RT[Z4) $3,=2RTE;  ®35=-2RTE; (122)
and:
s [ I s [ 7 I
B = / exp (FwéT) dr By = / / exp (*wéT) drds (123)
th th th

[
[
(1>

tet1
2 / LR |a)J, (wor) ordr

Ly

lkt1 sIkRL[TA J I 95 Stdrd
4 I aj r( w 7') Tdrds (124)
tr tr
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The noise Jacobian is derived as [8, 9]:
Gi(t)= |03 03 —ZRT 05 (125)

The standard EKF propagates the error covariance as:
Piiip =ik +1,k)Py®r(k+1,k)" +Q (126)

We use x;; and P;; to represent the state estimate and covariance at time-step j computed using
measurements up to time-step i. The discrete-time system noise covariance Qg can be computed
as:

Q. = / "k 1,)G)QG() By (k+ 1,7) dr (127)

173

Remarks: We have made the conscious decision to propagate the state forward with IMU
measurements as compared to use the MAV dynamics since IMU readings can fully measure the
platform’s trajectory evolution. Additionally, we can leverage robust outlier gating tests to reject
invalid integrated MAV measurements caused by un-modeled forces.

2.2 Visual Feature Measurements

When exploring the environment, bearing observations of static landmarks are tracked on the image
plane. A bearing measurement seen at timestep k can be related to the state by the following

(simplified for presentation, model in [10] is used):
zck = h(x, “ps) + o (128)
= A(%py) +ncy (129)
%ps=FR &R(“ps - “pr) +“p1 (130)
T
Alry ") =[z/z y/z] (131)

where ng i, is the white Gaussian measurement noise. We can obtain the visual residual based Eq.
(128):

rop = zok — h(Xn, “Py) — nog (132)
~ Hp x7, + kaGf)f —Nok (133)

RPNG-2022-MAV 9



where Hy, and Hy, are the measurement Jacobians, X7, and “p ¢ are the error states for the pose
and feature, respectively.

or orc i
Hr = 550 o] (134)
= H, |{RIER( Dy ~ 91)] ~TRER] (135)
Irc i CRlip
Hj, = 5op - = B/ RAR (136)
1 Criy
| Rz T

Ck;:'f _Ck;:,;

After collecting enough measurements and “stacking” the above linearized model, the feature
can be used to update the state. Features are either inserted into the state vector and updated until
lost, or used to directly update the state by marginalizing the feature position through the MSCKF
nullspace projection [5, 11]. Consistency is ensured through first-estimate Jacobian techniques [12,

b ) ]'
2.3 MAYV Dynamic-Induced Measurements

We now present how to relate the integrated MAV dynamic model, Eq. (27), to our estimation
state, Eq. (106). Through rigid body constraints we have:

XM, = ht,k(XTkaxe) (138)
where:
MRrR=1{RTIR (139)
“pu = “pr + LR pu (140)
Miy = MR (141)
“Var, = “vi + R[Mw) Py (142)
The MAV measurement residual and error-state Jacobians are defined accordingly:
vk = XM, — 8M(Xn,, X0, 0) (143)
= ht,k-l-l ()A(Tk.‘.l ) )A(G) - gM(ht,k (&Tk ) &9)7 )A(Ga 0)
~ [I‘ITM_1 HTk Hg} ik - GnnM (144)
£ [Ha Hy| %, — Guny (145)
where X, = [5{}—“1 i}k %4]7 £ [x} %,]7 is the error state. Throughout this paper X is used to

denote the estimate of a random variable x, while X = xHxX is the error of this estimate. We define

the orientation error quaternion, 60, as 6§ = §® ¢ ' ~ [%60T 1]7 [1]. The updated estimate from
a correction 0x is X% = % H 0x. The Jacobians can be calculated through the chainrule:

Hr,,, = SZ’: (146)

Hp = —®y gi’;’i (147)

Hy = agt;’:l - @Mgh;; — B (148)

RPNG-2022-MAV 10



In the follows, we drop the subscripts (e.g., k and k + 1) for simplicity. From Eq. (139):

From Eq. (140):

From Eq. (141):

From Eq. (142):

:>G\~IM:

G

V=
=%+ %9 - FR[|'w| par)6;
—SR||'&| prr]o0r + v+ FR| 1@ D

GR=(1-[66m))ER
= LRI+ [},00] — [66:])GR
=60y =1, RT060; —{,RT1,60

Py = Par + b
=%+ 9pr+ SR I+ 1667)) (" + ')

= Py = “pr — §R['Pa)00; + TR Pur
My =Mg 4 Mg
= yRT(T+ [},06)) w
=M =1 RT|1&)L,00
G{’M+G\~’M

G; +GRL JIA
—FR|['@) par)o0; + “Vr + PR @) Pus

Finally, we can summarize as:

-0 50
8550];[ 03 03 03 03 H1’1 03 03 03 03
Hy < 3o Is 03 03 03| _ |Hgy I3 03 03 0
g§ 03 03 03 03 03 03 03 03 03
_88 é‘é]y 0; I3 03 O3 H4,1 03 I3 03 Og
i {WRT 03 03 03 O3
~YRl'pm] I3 03 03 O3
03 03 03 03 O3
—¢R[['®)pm] 03 Iy 03 03
0 hy Oh, dh, Oh
6 X@ 8 XD 6 Xa 8 XMI
i 3 G50, .
03><9 03 gér}M 03><9 03 _{V[RT
039 9»?~ 5 zgﬁ _ | 03x0 03 ‘R
03x9 88543‘; 03 O30 —3R'['@] 0
~ G|~
03x9 03 ngﬂkj U9 03 TRl
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(149)
(150)
(151)

(152)
(153)
(154)

(162)

(163)

(164)

(165)

11



3 Observability Analysis

Follow [11, 15], we can perform the observability analysis. In the analysis, we redefine the state as:
X = [X}— Xy X, xﬂ—r (166)
where we have simplified to a single environmental feature in x; without lost of generality.
3.1 State Transition Matrix
The full system state translation matrix can be defined as:
®;(k+1,k) 015%12 O15%x23 0153
012x15 Sy (k+1,k) Py O12x3
$ = 167
015x15 O15x12 Iis  Os5x3 (167)
03515 03512 O3x15 I3
where
(@, 03 03 P4 03
Py Iz AL Py Py
‘I’](k +1, k’) = ‘13'371 03 I3 @3’4 ‘193’5 (168)
03 03 03 I3 O3
03 03 03 03 I3
[®6s 03 Pgg O3 HY 03 HY 03
N @776 I3 03 IgAt B Hg I3 O3 IgAt
Pulk+LE) =107 05 Bgs 05 | |05 05 HY 04 (169)
_'1:’9,6 03 03 I3 H‘é 03 O3 I3
[ @6 10~16 HY, HY  HY. 035
D710~ HY HY HY
By — |Praome) _ By Hie 03x6 (170)
Pg 10~16 HY HY,  HY, O3x6
| P9, 10~16 HY, HY, HY., 0s3x6

The overall state translation matrix can be found as:

P, 03 03 ®,4 03 ! O3 03 03 03 | O3x15 | Og
Py I3 I3At ®oy P25 @ O3 03 03 03 : O3x15 | 03
®3, 03 I3 P34 P35 03 03 03 03 03x15 03

03 03 03 I3 03 @ O3 03 03 03 ' Osx15 | O3

03 03 03 03 03 P76 I3 03 I3At 1‘197,10~163 03
03 03 03 03 03 @ 03 03 Pgs 03 ! Pgioaie 03

03 03 03 03 03 | P9 O3 03 I; | ®910~16 | 03
015x3 0O15x3 0O15x3 O15x3 O15%x3 | O15%3 O15%x3 O15x3 O15x3 1  Iis 1 01543

RPNG-2022-MAV 12



3.2 Visual-Observation Jacobian

The visual measurement Jacobian can be summarized as [see Eq. (132)]:

Ho= |53 535 5% 0% (172)
=[Hcy Hegp 03 03 03:03 03 03 03:0¢i0~16: Hey | (173)

where we have summarized the multiplied camera observation chainrule as H¢ . for each.

3.3 MAYV Dynamics Jacobian

As compared to performing an update by predicting the relative change from one state clone to
another, we have simplified the state for observability analysis to contain both the inertial state x;
and MAYV state x,s both of which evolve with time. Then following a propagation step, we perform
an update which enforces that both are related to each other through the extrinsic calibration. The
rigid body constraint is:

'y = XMy — ht,k(XImX@) (174)
Mr=1{RTIR (175)
“pu, =“pr, + R pus (176)
Miy = MR (177)
“Var, = “vi + CR[Mw) Py (178)
We linearize this to get the overall measurement Jacobian as follows:
Hy = |59 550 5o 55 (179)
[Hyy 03 03 03 O3 —I3 03 03 03 :Hjjouis: 03
_ | Hzp I3 03 03 03; 03 —I3 03 O3 :Hsiovi: 03 (180)
03 03 03 03 O3 03 03 -—I3 O3 H3 1016 03
| Hq1 03 I3 03 03; 03 O3 03 —I3;Hyion16: 03
Hi,10~16 (039 03 Hi 6 039 03 _&BT
Hyiovi6| _ |O3x9 03 Haie| _ |O3x0 03 iR (181)
Hs3 10~16 O3x9 Hszis 03 03x9 —4RT1®] 03
Hy 1016 103x9 03 Hy6 039 05 R|1w|
3.4 Observability Matrix
The observability matrix can be found as:
H,®(0,0)
H,®(1,0)
ME . (182)

Hy 1 ®(k+1,0)

RPNG-2022-MAV 13



For a given block row of this matrix, we have:

My, = H,® (k. 0) (183)
Teox Top Tes Toa Tos: 03 03 03 03 @ 05 Teoy

'y Os 03 Iiy O3 I''s 03 TI'ig 03 I’y 10~16 03
= | Ten I3 I3AL Tag To5 :T26 —I3 03 —I3AL:T330v16 ! O3 (184)

03 03 03 03 03 : 03 03 Iss 03 :TI3i0v16: 03

I'yp 03 I3 Tya Tys Ty 03 03 —I3 [ Tyi0~16: O3

where
Ty =Hp @, =L,RTPR (185)
Ti=H @=L, R®,=LR"J, ( okH) At (186)
Iig=—®66=—1/ R (187)
A 1
Tis = ®gs = —J,(M0byy,) (QHf;At? n IgA)f) (188)
o1 =Hy 1 P11+ Py = —ﬁﬁLIf)MJ %f{ - %RT =2y (189)
Tou=Hy @14+ ®2s =R par) I, (00;,)At + FRTE, (190)
To5=®5 = UR'E, (191)
1o o v ) ) ) 1
Ty5 = —Pr5 = 55, RIFJ AL = [“par, — “Par, — “Van At + S gAL (192)
N N A 1

T35 =—®gs = —HY = — PR — {PRHSAL — | Vi jJT(MOHMk)i (HAAL +I3At)  (193)
Ty1=Hy @1+ 831 = —CR[| ") pu) PR - ZRT 2174 (194)
Tys=Hy @14+ B30 = CR[[ 0] par) T, (0, )AL + FRTE; (195)
Ly5=®35 = —dR'E (196)
Tyg= P95 =G RIF|AL = [FVay, — g, + gAL G R (197)

We now focus on the subset of the system related to the MAV dynamics and its parameters. For

the system parameters we conclude:

I’ 10~16 _ng _ch 03 _&BT
Mg = Tyi0n16 | _ -HY, —-HZ, 03 IGkR (198)
I's10~16 -Hy  -H2, IR0 03
T410~16 ~-Hy -HY,_ 03 R
where:
_H%D _H%G 23 (100 ) AT 1003 2 A A
-HY, -HE, 03 o 5, RAt [HfD H)I;G} (199)
_H:D _H:G _% LMk‘:JJ JT(MOHMk)AtQ - MSRAt 03 HXD HXG
—Hx, —Hi 03 —$,RAL
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and

[HQD HQG]

HF HF
XD XG
Ey-15Nr (M MR ,2 Ey—15Nr M 24 A Ey-15Nr (M
_ J ZiilL pAiJAiRrieZ J Zi:lAiR)\iTiez; 03x1 M5 J Zi:lL FZJ
o L N\Vr Mp .2 1M
7 2im1 A, R € 03x1 b=z Frpo 03 03

(200)

We can find that ¢, ¢, m and Mj are jointly unobservable, with null space N as MN = 0, where
M is the “stacked” observability matrix (i.e. holds over all timesteps):

O15%1
01251
Ct
Cm
m
N=| j (201)
J2
J3
03x1
O6x1
_03x1_

This null space holds for the original visual-inertial system, and is independent from the standard
VIO null space.

Remarks: Thus we can conclude that we should not perform joint estimation of ™j, m, ¢;, and
¢m as it introduces another observable direction (increasing from the 4DoF to 5DoF). In practice,
we can avoid this additional unobservable direction by either only estimating ™j, m, or the ¢; and
¢m pair. This can be seen by the unobservable sets J2 and J3 in Table I of [15].

4 Simulation

4.1 Rotor Speed Generation

With the B-spline formulation of the simulated trajectory, we can generate IMU angular velocity
Iy, angular acceleration ‘o, and linear acceleration “a; at any desired time. The MAV motion
status is computed with the rigid body constraints accordingly:

My, _ MRy (202)
“an =%+ R ('w]['w] + "a]) 'pu (203)
The desired total force and moment at a specific time are:

[MF] _ [ m- YR (“ay + Yg)
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Figure 2: Left: Simulated trajectories. Right: Comparisons of rotor speeds generated by rotorS and our simulator.
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Then, with Eq. (6) and (7), we formulate the following linear system to solve for the rotor speeds:

My
[Bl BQ B3 B4] r= |:MM:| (205)
where r = [r? --- r2]T and B; are defined as:
M
o ctAiRez
Bi = cmAily Re, + ¢ LMpAZ.eZJ] (206)

Finally, white Gaussian noise n,; is added to r; for realistic simulation of rotor encoder measurement
Tm,i (€8s Tmi = M + ;). In the following Fig. 2, we show the simulated trajectories and the
comparisons of rotor speed generated by rotorS and our simulator. From the figures we notice
that the rotor speeds are very similar for most of the time. The detailed descriptions of the MAV
configurations are referred to our paper.
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